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High Order Derivatives
If the derivative £ of a function fis differentiable, then the derivative of ’is the
second derivative of frepresented by #”(reads as fdouble prime). You can
continue to differentiate fas long as there is differentiability.
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Example 1: If y = 5x3 + 7x — 10, find the first four derivatives.
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Example 2: Find the general solution of y""" = e?* — cos x.
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y’=Zex+cosx+Cx+Cz

1 C
y =§ezx + sinx + C;x%2 4+ Cyx + C4 (Cl = —)

Example 3: [T&4 m MIER XN F (ERE Ox i ELiEs). RAF = F(t)
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Example 4: Find the solution of (1 + x2)y" =2xy’, ¥lye0 =1, ¥'ly=0 = 3 At the lowest position A, the tension only y

Let y' = p, we have have the x-direction component T,. The A
length of the string from point A to point

dp
2y =
(1+x%) 2xp (xy) is sand its weight is mg=psg. At

dx

dp  2x point (x,y) the tension is 7’and its angle
p 1+x2 from x-direction is 6.
Integrate the function { x direction: T cos 8 =T
In|p|] =In(1+x?)+C y direction: T sinf = pgs
p=y =C1+x?) (¢ ==e) = tanf = pgs/T,
Plug in the initial condition y'|,—, = 3, we have The curve length s is:
3=C,(1+0%) = C; =3 x
’ 1( 2) 1 Szf 1+(yl)2dx
y' =31 +x%) 0
Integrate the function tanf =y’ = pgs/Ty = s= 'Ty)/pg
x3 s So we can have:
y=3{x+—=]+C=x"+3x+(; x ,
3 y'To
, " 14+ G)2dx=—
Plug in the initial condition y|,_o = 1, we have 0 pg
1=0C, Taking the derivative for the equation above with respect of x, we can obtain:
y=x3+3x+1 y'T,

1+ (y')? =
Y P9

FRR— 1AMy = fO,y)BHS HRE, TENGRAEERAE Y.
Let |0A| = a, we can have the initial condition:

y|x=0 =aq, y,|x=0 =0
Let y' =p,y" = dp/dx, we can obtain
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Example 5: Catenary 2452

In physics and geometry, a catenary (US:
/'keetoneri/, UK: /ka'ti:nari/) is the curve that
an idealized hanging chain or cable assumes
under its own weight when supported only at

its ends in a uniform gravitational field. pg
The Shougang Bridge (Shijingshan District, Separate variables
Beijing) is a flattened catenary. Pg .  _ dp

dx = ———
To J1+p?
Please notice that T, is constant, so we can integrate the differential equation:
pg , j dp
Ddx = | —=—
To J1+p?
Integrate the function (Refer to P389, Calculus 10t ed, Ron Larson, of Inverse

Hyperbolic Function Integration [ % = In(u + Vu? + a?) for details)
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In(p ++/1+p?) =F,;,—gx+C1
0

Plug the initial condition into the equation above: y'|,_o =0 = ply—o =0

In(0++/140%)=C; = C;=0

So we have
> _ P9 5 _
ln(p+\/1+p)——T x >p+yl+pi=eT
0

pg pg pg
= J14+p?2= T —-p = 1+p= eZ(Tox) — 2pe(Tox) + p?

= Zpe(%x) = ez(%x) —-1=p= %(e(%x) - e_(%x)) = sinh(l;,—gx)
0

Exercise 1: REEFMERSHDME, 2O IHE
R, MEEFirREthik. ZRR=SMEH, RbKFRE
= RYEFFIETRNESHOAL (>R), HIKREA
M, HEMEENIEE A g KIULYHAFEEZHhE AT
BEREE.

‘ The notation sinhx is read as “the hyperbolic sine of x”

Integrate the equation and we can obtain:

Ty (ﬂx) —(ﬂx)) Ty Py
=—7/|e'T T C, = ——cosh(= C
y 2pg(e o/ +e Mo )+ G 2pgcos (Tox)+ 2
Plug the initial condition into the equation above: y|,—, = a
CZ = O
Ty ( (ﬂx) -(ﬂx) To PY
=—|e\To/ +e \To ) = ——cosh(=—x)
Y= 2pg 2pg To

BYERE m, RIEAFSINERE, WERZEIE 7%

GMm
y2
RIBFME —EFE, OENINEEA

F =ma =mv' =my"

F=-

Initial condition:
MIEMEAL yle=o =1
IREE A 0. ¥'le=0 =0
WRIMEEHRG: Y |ly=r =9
F D TT1E
GMm GM




